We propose a compact perturbative approach that reveals the physical origin of the singularity occurring in the density dependence of correlation energy: like fermions, elementary bosons have a singular correlation energy which comes from the accumulation, through Feynman "bubble" diagrams, of the same non-zero momentum transfer excitations from the free particle ground state, that is, the Fermi sea for fermions and the Bose-Einstein condensate for bosons. This understanding paves the way toward deriving the correlation energy of composite bosons like atomic dimers and semiconductor excitons, by suggesting Shiva diagrams that have similarity with Feynman "bubble" diagrams, the previous elementary boson approaches, which hide this physics, being difficult to do so.
I. INTRODUCTION
The energy of N interacting elementary bosons has been studied in the late 50's by Brueckner and Sawada 1 , and by Lee, Huang and Yang 2,3 through a mean-field procedure which transforms the two-body Hamiltonian into a quadratic operator easy to diagonalize by using a Bogoliubov-like transformation. Their most striking result is that the N -boson correlation energy is singular with a dependence on density n = N/L 3 in n 3/2 instead of n 2 . More precisely, the ground-state energy of N interacting bosons reads as
where m is the boson mass and a is the scattering length of the boson-boson potential at hand. Actually, the above result with the scattering length appearing also in the n 3/2 term has been obtained by Lee, Huang and Yang, but not by Brueckner and Sawada. The reason is that the former authors use a pseudo-potential which reads in terms of a; so, they do not have to bother about generating the scattering length in the correlation term. The drawback of these two previous approaches is that they rely on a mean-field approximation which completely hides the physics of the correlation energy singularity. A more elaborate field-theory procedure has been later proposed 4 . It provides a better control of the performed approximations, but through a more complicated procedure that still hides the physical origin of the singularity.
The purpose of this paper is to reveal that, in spite of the different quantum nature of the particles and the different singular dependence in the correlation energy of bosons and fermions 5 , namely (n 3/2 ) and (ln n), the physics producing these singular dependences is just the same: the accumulation of the same non-zero momentum transfer excitations from the free particle ground state, that is, the k = 0 boson condensate or the 0 |k| k F Fermi sea. This understanding paves the way toward deriving the correlation energy of N composite bosons made of fermion pairs by suggesting the appropriate set of Shiva diagrams 6 that have similarity with the Feynman "bubble" diagrams leading to the singular correlation energy of elementary bosons. Composite bosons of major present interest are atomic dimers [7] [8] [9] made of different species of cold fermionic atoms [10] [11] [12] , semiconductor excitons [13] [14] [15] made of electrons and holes, and polaritons [16] [17] [18] [19] which are linear combination of photons and excitons. Cold atoms 20, 21 and polaritons 22 have been used as a testbed for low-energy (Bogoliubov) excitations in the mean-field framework of elementary bosons. Whether composite bosons defy this mean-field description because of their composite nature remains under debate in spite of the fact that, because of the fermion indistinguishability, one cannot construct an effective potential between composite bosons that is valid beyond first order in interaction 6 . As a direct consequence, elementary boson approaches based on the existence of a boson-boson potential cannot be duplicated for composite boson systems.
To show the analogy between the correlation energies of elementary bosons and elementary fermions, we propose a compact perturbative approach to the energy of N quantum particles that allows catching the physics of the singular interaction processes. Once selected and summed up, these singular processes lead to the N -boson energy given in Eq. (1) . Unlike previous methods, the perturbative approach that we here propose can be directly extended to composite bosons which interact not only through the fermion-fermion interactions between their fermionic components, but also through fermion exchanges.
The paper is organized as follow:
• We first give some general arguments for understanding what should be and what really is the density dependence of the correlation energies for N elementary bosons and N elementary fermions, in order to understand why these density dependences end up being different, albeit produced by the same physical processes.
• Next, we propose a compact perturbative approach to derive the N -boson energy, which allows catching the physics of its various terms in a transparent way. We also provide the key commutators which enable us to calculate these terms easily.
• We then recover the N -boson energy given in Eq. (1) through the explicit summations of the ladder diagrams associated with the scattering length, and of the bubble diagrams associated with the correlation energy singularity. We also discuss the required cancellation of overextensive contributions that come from disconnected diagrams, as standard in perturbative expansion.
• We conclude with the state-of-the-art for composite boson systems and the fundamental problem raised by the Pauli exclusion principle between the fermionic components of composite quantum particles.
In the supplemental material, we outline the original derivations of the N -boson energy proposed by Brueckner and Sawada, and by Lee, Huang and Yang, the physics responsible for the correlation energy singularity being hard to catch from these mean-field approaches. The supplemental material also contains some heavy diagrammatic parts associated with high-order perturbative expansions, which support our procedure but are not necessary to follow its spirit. be in the same state; so, the H 0 ground state corresponds to a Fermi sea having all k states with 0 |k| k F occupied, the number of 3D fermions with up and down spins being related to the Fermi momentum k F through
the extra 2 coming from spin. By contrast, since (b † k ) 2 = 0, two bosons can be in the same state. So, the H 0 ground state corresponds to the so-called "condensate" with all bosons in the lowest energy state.
To understand that the difference in the density dependence of E N for bosons and fermions comes from the same physics but within different H 0 ground states, let us expand E N in terms of the number of particles involved in scattering processes, namely
The fact that the Fermi sea extension depends on fermion number through Eq. (6) brings density-dependent prefactors into the above expansion, while such case does not exist for bosons. So, the resulting density dependences of E N /N for bosons and fermions have to be different, even if they are induced by same physical processes. This is already seen from the N term which corresponds to the energy in the absence of interaction. The energy of N free bosons in the k = 0 condensate reduces to 0 while the energy of N fermions in the Fermi sea scales as N ε F ∝ N n 3/2 . To analyze the other terms, we use dimensional arguments. As the N -particle energy is an extensive quantity, E N /N only depends on density. Potential scatterings depend on sample volume as 1/L 3 , while each sum over momentum brings a L 3 factor when transformed into an integral. Let us successively consider what these comments imply on the boson and fermion energies.
A. Bosons • The N (N − 1) term of E N comes from (1, 2, 3, · · · ) interactions between two bosons taken among N .
As these two bosons come from the condensate, process involving a single potential scattering can only appear for q = 0. So, it gives, within a numerical prefactor,
Processes involving two potential scatterings must contain a q sum to have the proper extensivity, and an energy denominator to be an energy-like quantity. This energy denominator can only be the energy of the boson pair (q, −q) excited from the condensate, as a result of the q scattering. This gives, within a numerical prefactor,
Processes involving three potential scatterings must contain two q sums, and two energy denominators. And so on.
This shows that the N n terms of E N come from interaction between two bosons excited out of the condensate through the so-called "ladder processes", each additional v q being accompanied with a q sum and a 2ε q denominator, in order to make this additional part dimensionless and sample volume free.
Such ladder processes physically correspond to the renormalization of the v 0 scattering appearing in Eq. (8) , through the repeated excitations of one boson pair from the condensate, this pair changing from (q 1 , −q 1 ) to (q 2 , −q 2 ), and so on. These ladder processes change the bare first-order term of Eq. (8) into
the renormalized q = 0 scattering being commonly written in terms of the scattering length a as
• The N (N −1)(N −2) term of E N comes from interaction between three bosons. To be an energy-like quantity with proper extensivity, this term must contain m 2 interactions, (m − 1) energy denominators, and (m − 2) sums over momentum.
The term with two scatterings does not exist, because, in the absence of q sum, it can only contain the q = 0 process; so, the required energy denominator 2ε q would be zero.
The term with three potential scatterings, which must have one q sum and two energy denominators, reads, within a numerical prefactor, as
The term with four potential scatterings, which must have two q sums and three energy denominators, reads
(13) Although not obvious from dimensional arguments alone, these four potential scatterings split as written above, the q 2 sum belonging to the ladder processes that renormalize the v q interaction between two bosons according tõ
Higher-order terms in this potential renormalization come from more than four scatterings between two bosons.
• The N (N − 1)(N − 2)(N − 3) term of E N comes from interaction between four bosons. The energy-like contribution with proper extensivity involves four interactions at least. It reads
More interactions between four bosons lead to a renormalization of the potential scattering, as in the case of three bosons. And so on.
The N -boson correlation energy results from interaction between more than two bosons. It fundamentally reads, within a renormalization of the potential scattering through ladder processes, as
We then note that, for v q→0 = 0, the above q 1 sums diverge in the small q 1 limit, with similar divergences occurring for more than four bosons. As standard, the summation of these singular terms overcomes their divergences and produces a finite contribution to the N -boson energy with a density dependence somewhat larger than its N n 2 first term. To show that the summation of these singular processes leads to a n 3/2 dependence requires the knowledge of the numerical prefactors in Eq. (16) . These prefactors, which depend on the number of ways these scattering processes appear, are obtained from a precise counting that cannot be done from dimensional arguments only.
We conclude from the above analysis that the repeated interaction between two bosons taken from the N -boson condensate produces a dressing of their bare interaction through a set of ladder processes like the one 23 of Fig. 1 , the resulting linear term in density being given by Eq. (10). Higher-order terms in density come from interactions between more than two bosons. The most singular ones, given in Eq. (16), correspond to repeatedly exciting and de-exciting the same (q 1 , −q 1 ) pair from the condensate through "bubble" diagrams like the ones shown in Fig. 2 .
B. Fermions • The N (N − 1) term of E N comes from interaction between two fermions taken from the Fermi sea.
The energy-like term involving a single interaction scales as
for v q taken as the 3D Coulomb scattering, v q = 4πe 2 /ǫ r L 3 q 2 for q = 0, and v 0 = 0, the q = 0 process being eliminated for electrons in a positive ion jellium which ensures the system neutrality 5 . Since only q = 0 processes exist, this single-interaction term comes from fermion exchange inside the Fermi sea. The energy-like term involving two interactions must have one energy denominator which scales as ε kF , and one q sum which brings a N factor. So, it scales as
With two interactions, there in fact exist direct and exchange processes, as shown in Fig. 3 . The direct process, associated with a two-bubble Feynman diagram, is singular due to the infiniteness of its two v q scatterings in the small q limit. Ladder processes similar to the ones existing between two bosons like Fig. 1 also exists between two fermions. However, as each interaction comes with a v q scattering which scales as v kF , an energy denominator which scales as ε kF , and a q sum which leads to a factor N , each rung of a ladder process scales as
which is small in the large density limit. This is why ladder processes and scattering length are never considered for Coulomb interaction between electrons in the dense limit, while they play a key role for bosons in the dilute limit. Note that this is not so for electron-hole systems due to the poles these ladder processes produce that are associated with exciton formation in the dilute regime.
• The N (N − 1)(N − 2) term of E N comes from interaction between three fermions. The term with two potential scatterings does not exist for the same reason as that for bosons. The next-order term with three potential scatterings, two energy denominators, and one q sum, scales as
The energy-like term involving four fermions, four scatterings, three energy denominators, and one q sum, scales as
and so on. Again, direct and exchange processes exist for terms involving more than two fermions. Precise calculations 5 show that, much like in the case of bosons, the numerical factors of the direct terms diverge in the small momentum transfer limit. When summed up, these divergences transform the n 0 dependence of the first term, given in Eq. (18), into a somewhat larger (ln n) dependence. These singular terms correspond to bubble processes, just like the singular terms for bosons that leads to a n 3/2 dependence for the correlation energy. This understanding is commonly known for fermions but not so for bosons. The unique but major difference between fermions and bosons is that, for fermions, these singular terms are associated with excitations from a Fermi sea, whereas, for bosons, the singular terms are associated with excitations from a condensate with all particles in the k = 0 ground state.
Before turning to the procedure we propose to derive the N -boson energy given in Eq. (1), we wish to make an important comment. In the above arguments, we start with the free quantum particle ground state and we perform similar expansion in terms of the number of particles involved in scattering processes. Yet, we end up with a small density expansion in the case of bosons, and with a large density expansion in the case of fermions. The reason is that, in order for the free particle ground state to be a good starting point, this state must not be very much changed by interaction. Such is the case for a very large Fermi sea, i.e., a very dense fermion system. By contrast, the N -boson condensate is extremely narrow in energy by construction; so, to have it not very much changed by interaction, the number of scattering events, i.e., the boson density, must be very small.
III. EQUATION FULFILLED BY THE N -BOSON GROUND-STATE ENERGY
We want to solve Eq. (2) in the case of bosons. For N/L 3 (= n) and V small enough, the H ground state stays close to the H 0 ground state, that is the N -boson condensate |0 N = b †N 0 |v , where |v denotes the vacuum state. We force this |0 N state into the problem by inserting
in front of |ψ N in Eq. (2) and we multiply the resulting equation either by |0 N or by P ⊥ . As H 0 |0 N = 0, we get
from which we get
that we iterate. By inserting the resulting P ⊥ |ψ N into Eq. (23) and by noting that P ⊥ E N |0 N = 0, this gives the equation fulfilled by E N as
(26) To solve the above equation in an easy way, we split V as V 0 + W where
contains all non-zero scattering processes. As V 0 acting on any state having N bosons gives v 0 N (N − 1)/2, Eq. (26) ultimately appears as
IV. POTENTIAL EXPANSION
We solve Eq. (28) as a W expansion with ∆ N written as
where s refers to the perturbative order in the W interaction. So, ∆ (s)
Because W operators only enter Eq. (28), higher-order terms in interaction come from q = 0 processes. As ∆ N is second order at least in W , the two nextorder terms read as
while, for s ≥ 4, they have a more complicated form:
the first J 
N .
From the above two equations, we see that disconnected processes exist when more than three W 's act inside the |0 N condensate, as standard for perturbative expansion. They generate overextensive contributions, which are eventually canceled out by the ∆ N parts of J 
where
This excitation operator is such that
from which we readily get
By iteration, the above equations lead to
−q creates a finite-momentum pair from the condensate. Interaction involving such a pair follows from
VI. STRUCTURE OF THE POTENTIAL EXPANSION
The calculation of ∆ N requires the knowledge of s operators W acting on the |0 N condensate, 0 N |W s |0 N containing the parts of W s |0 N in which all excited bosons are back into the condensate:
The first operator W excites two q = 0 bosons from the condensate to become a (q 1 , −q 1 ) pair, as shown in Fig. 4 . Equation (39) readily gives A second W operator acting on this excited state can do three things:
(i) It can induce an additional q 2 scattering between the same two bosons, leading to terms in B † q1+q2 |0 N −2 with the same N (N − 1)/2 prefactor.
(ii) It can induce an interaction with a third boson 0 from the condensate, leading to terms in
, from the (N − 2) ways to choose the third boson 0.
(iii) It can excite a second boson pair (q 2 , −q 2 ) from the condensate, leading to terms in
More W interactions bring more bosons 0 from the condensate into play. Some examples of the resulting W s |0 N states are given in the supplemental material.
As previously shown (see Eq. (30)), the N -boson energy at first order in interaction is equal to v 0 N (N −1)/2, while all higher-order terms involve q i = 0 processes through W interactions.
• The second-order term, given by • The third-order term, E (ii) The second contribution comes from the bubble processes involving three bosons 0, shown in Fig. 2 . It reads
the extra factor 2 coming from the two processes in this figure which give equal contributions. When compared to the second-order term shown in Fig. 5 , we see that a third interaction W either adds one more interaction between two bubbles as in Fig. 6 or adds a third bubble, as in Fig. 2 . The former term, which appears with a N (N − 1)/2 prefactor, corresponds to a renormalization of the interaction between two bosons through ladder processes. The latter term, which appears with a prefactor N (N − 1)(N − 2), is part of the correlation energy. This term actually diverges in the small q 1 limit for v q1→0 = 0 because it contains the 3D integral of (1/q 2 1 )
2 . The N n 2 dependence of this singular threebubble process is transformed into a N n 3/2 dependence, when joined with similar bubble terms of higher order in W . To understand how this happens, we must consider higher-order terms in W . These higher-order terms moreover bring a new feature: the appearance of overextensive contributions coming from disconnected processes. The various fourth-order terms in W are given in the supplemental material, as well as the cancellation in the large N limit, of their overextensive parts. To explicitly show the necessary cancellation of these overextensive parts through the ∆ N part of J N becomes more and more cumbersome when s increases. From now on, we focus on extensive contributions resulting from connected diagrams.
VII. LADDER PROCESSES
At any order in W , there are terms that come from the repeated interaction between two bosons, as shown in Figs. 5, 6 , and 1. The sum of these ladder processes leads to the effective scatteringṽ q shown in Fig. 7 , which is the solution of the integral equatioñ
This summation is commonly associated with the twobody scattering length a defined as
It is possible to rewrite the energy term coming from any number of interaction between two bosons taken from the condensate, that is, all processes like the ones of Figs. 5, 6, and 1 plus the first-order term given in Eq. (30), in terms of the scattering length a, as
in agreement with the first term of Eq. (1). A similar interaction renormalization exists between bubbles. It leads to replacing v q withṽ q . Actually, this simple procedure is only valid in the small q limit, which is when bubble processes are most singular; for larger q's, the interaction renormalization is affected by the surrounding excited states.
To understand this important point, let us consider three-bubble processes. The one involving three v q 's, shown in Fig. 2 , leads to the contribution given by Eq. (44). These three v q interactions are also renormalized by adding more W interactions, as shown in Fig. 8 . The three bubble diagram then transforms up to fourth order in W into
Theṽ ′ q interaction associated with Fig. 8(c) does not read exactly the same as theṽ q interactions coming from the diagrams in Fig. 8(a,b) . However, the dominant contribution of these three-bubble processes comes from small q's because of the divergence of the 1/(−2ε q ) 2 factor it contains; for such momenta,ṽ 
VIII. ORIGIN OF THE
We now consider the N -boson correlation energy, i.e., the terms coming from interactions between more than two bosons, and we explain why the dominant correlation energy term does not depend on density as n 2 , but as n 3/2 . This non-perturbative result originates from smallq divergences such as those in Eqs. (9) and (44). The standard procedure to remove these singularities is to sum up similar divergent terms. In order to explicitly show how this summation removes the singularities, let us consider the lowest-order terms represented by the diagrams of Figs. 5, 2, and 21 of the supplemental material. In this set of processes, the system has one pair (q, −q) excited from the k = 0 condensate, along all intermediate steps, this pair being ultimately de-excited back into the condensate. These diagrams lead to
for N large. The effect of summing up this series is clear: it brings an interaction term to the pair kinetic energy, which stays finite in the small q limit, thus serving as a small-q energy cut-off, provided that v 0 is finite. Of course, the above result follows from appropriate prefactors. Let us show that bubble processes involving s 3 interactions lead to
(50) Since this term involves s bosons, its N factor is easy to understand: N (N − 1)/2 comes from the number of ways to choose the first pair of bosons 0 from N identical bosons 0 in the condensate, as shown in Fig. 4 . The other N factors come from adding additional bosons 0 to this initial pair, the number of bosons that remain in the condensate decreasing as (N − 2), (N − 3) , . . . The 2 s−2 prefactor is more tricky. It comes from topologically different diagrams, such as the two diagrams in Fig. 2 that involve s = 3 interactions. Let us provide a systematic way to generate this 2 s−2 prefactor. We start with the q interaction between two boson lines, shown in Fig. 4 , and we introduce two operators U and D : the U operator adds an up-line connected to the upper boson line by a q interaction, as in Fig. 9(a) ; the D operator adds a down-line connected to the lower boson line by a q interaction, as in Fig. 9(b) . To construct the diagrams having s bubbles, we apply (U + D) s−2 to the two-boson diagram of Fig. 4 and we close the uppermost and lowest boson lines by a −q interaction. This binomial expansion leads to a prefactor 2 s−2 , since each term in the expansion corresponds to topologically different process, while the integral is the same. The corresponding third-order and fourth-order bubble diagrams are respectively shown in Fig. 2, and 21 .
By rescaling ε q in Eq. (49b) as 2N v 0 x, we get
where, for v q taken equal to v 0 when 0 ≤ ε q ≤ Ω and 0 otherwise, in order to insure the large-q convergence of the q sums which is normally insured by the natural decrease of v q , the S N sum appears as
The first term of S N , which produces a v 
Difference of this result from the second term of the Nboson energy in Eq. (1) is two-fold: (i) it reads in terms of the first-order scattering length a 1 , instead of the full scattering length a; (ii) its numerical factor is different. (i) To get the full scattering length a, instead of a 1 , in the above equation is quite easy: we just have to note that ladder processes also exist between bubbles, as shown in Fig. 8 . In the small q limit where bubble contributions are singular, they lead to replacing v 0 in Eqs. (51) and (52) byṽ 0 , that is replacing a 1 by a in Eq. (53).
(ii) The numerical factor in Eq. (53) differs from the one of the a 5/2 term in Eq. (1), by 4% only 1 . This evidences that the dominant contribution to the N -boson correlation energy comes from the repeated excitation of just one boson pair from the condensate. The missing small contribution comes from processes in which more than one boson pair (q, −q) are excited from the condensate. Actually, the correlation energy appears as
• The first term of Eq. (54a) comes from the excitation of one boson pair, as given by Eq. (49b).
• The second term comes from the process shown in Fig. 10 , in which two boson pairs are excited and then de-excited, the energy denominator −2ε q being replaced by −2ε q − 2N v q , to account for the renormalization from bubble processes, as shown in Eq. (49a). Since at least one excited boson pair must remain in the intermediate steps, there is only one way to destroy the two pairs: they are created first and then destroyed. • The third term of Eq. (54a) comes from the two processes shown in Fig. 11 , in which three boson pairs are excited and then de-excited. These two processes correspond to the two ways to destroy three boson pairs: (i) one can excite three bosons pairs and then destroy them all, as in Fig. 11(a) ; (ii) one can excite two boson pairs, destroy a pair, excite another pair, and finally destroy them all, as in Fig. 11(b) .
Following this simple rule, it is easy to count all possible ways of destroying s excited pairs. The f s prefactor in Eq. (54b) represents the number of ways that s excited boson pairs can be destroyed. Brueckner and Sawada 1 have shown that this f s factor is just the numerical factor of the generating function
Using this function, it is possible to show that the energy given in Eq. (54) obtained from the mean-field approach, in this way recovering the precise numerical prefactor for the n 3/2 term given in Eq. (1).
IX. STATE-OF-THE-ART FOR COMPOSITE BOSONS
The major problem when dealing with composite bosons ("cobosons") comes from the fact that, due to possible fermion exchanges, there is no way to assign a given fermion pair to a composite boson. As a direct consequence, there is no way to write an effective Hamiltonian with an interaction potential between cobosons that is valid beyond first-order processes, in spite of what all bosonization procedures intend to do. So, previous approaches used for elementary bosons, which are based on the existence of a boson-boson potential such as the one of Eq. (4), cannot be used for composite boson systems. Of course, it is always possible to stay with the potential between elementary fermions, as done in refs. 8,9. However, the ladder processes that lead to the formation of a composite boson, have to be selected and summed up first, before considering interaction between composite objects. In this regard, the coboson many-body formalism 6 proposed a decade ago is far simpler because it avoids the handling of ladder processes associated with composite boson formation.
The dominant way 6 two cobosons interact is through the Pauli scattering induced by the Pauli exclusion principle, as represented by the Shiva diagram in Fig. 12(a) . Since, in it, no interaction takes place, this dimensionless scattering is by construction missed by all bosonized Hamiltonians, because in them, only enter energy-like quantities.
Attempts have been made to reach the N -coboson energy linear in density in the case of cold atom dimers within a contact potential 7, 8 , and in the case of semiconductor excitons 24, 25 within the long-range Coulomb potential. The cold atom problem is rather simple because in the linear term in density, only enter two bosonic atoms; so, this linear term can be obtained by numerically solving a four-fermion problem. The next-order density term, that is, the correlation energy, is far more tricky to get because it requires solving a full many-body problem. Indeed, it is reasonable to expect that, as in the case of elementary bosons, this term has a singular density dependence that comes from more than three fermion pairs. So, a numerical brute-force calculation is hopeless. In the case of cold atomic gases with a contact potential, it has been shown 9 , using a procedure similar to the one proposed by Lee-Huang-Yang, that the N -dimer energy is also given by Eq. (1), where a is the scattering length between two dimers.
These procedures, hard to extend to the long-range Coulomb potential, fail to address the main physical problem when dealing with composite bosons: how do fermion exchanges enter the result? The repeated interaction between two cobosons must contain the direct Coulomb scattering shown in Fig. 12(b) , as well as the two exchange Coulomb scatterings shown in Fig. 12(c,d) . It can also contain the Pauli scattering induced by fermion exchange, multiplied by the difference of the coboson energies of the process at hand in order to get an energy-like quantity. So, we expect the effective scattering appearing in the ladder processes between two cobosons to read
It is far from obvious that the set of exchange processes between two cobosons will appear just the same in the case of many cobosons. One simple reason is that Pauli scatterings between three cobosons λ m i n j l k or more also exist 6 . So, even if the next-order term in density still behaves as n 3/2 , its prefactor may not solely depend on the scattering length between just two cobosons. The understanding, through the present work, that the n 3/2 singular dependence comes from the accumulation of the same non-zero momentum transfer excitations from the condensate provides a great clue and a guidance for suggesting the series of Shiva diagrams that should lead to the most singular term in the N -composite boson correlation energy, and for possibly confirming the result obtained in the case of atomic dimers 9 .
X. CONCLUSION
We propose a compact perturbative procedure to derive the energy of N interacting bosons obtained by Brueckner and Sawada 1 and by Lee, Huang, and Yang 2,3 , through the summation of an infinite series of diagrams of the "ladder" type to get the scattering length and of the "bubble" type to get the correlation energywhich depends singularly on the density n as n 3/2 while its density dependence is (ln n) for fermions. One advantage of the present procedure is that it provides a unified way to derive the singular correlation energy of fermions and bosons in terms of q = 0 excitations from their corresponding non-interacting ground states: the Bose-Einstein condensate for bosons and the Fermi sea for fermions. The other advantage is that it gives a physical picture for how the singular behavior arises from the accumulation of q = 0 excitations. This understanding will serve as a valuable guide to study composite boson systems such as Bose-Einstein condensates of cold atoms or semiconductor excitons, by selecting appropriate Shiva diagrams having similarity with "bubble" Feynman diagrams.
with N 0 being the number of bosons 0 in the condensate. The total number of bosons then reads
In the N ≃ N 0 regime, the V dominant terms have four and two boson 0 operators, but not three due to momentum conservation. The part in v 0 reads as
due to Eq. (A.1), while the part in v q =0 is given by
Since ε k=0 = 0, we end with a mean-field Hamiltonian given by
where h q appears as
The effect of the k = 0 condensate is to renormalize the q = 0 interaction as ν q = N v q and to dress the q = 0 boson energy asε q = ε q + ν q , the interaction ultimately appearing as creation or destruction of (q, −q) boson pairs. The h q Hamiltonian is easy to diagonalize in terms of Bogoliubov-like operators
For tanh 2θ q = ν q /ε q , we find that h q can be written as
(A.7) So, the mean-field Hamiltonian ultimately reads
where β † q creates excitation with energy ε 2 q − ν 2 q from the mean-field ground state. The mean-field ground state energy is given by
The simplest way to estimate this energy is to force the scattering length into the problem. It reads, up to second order in interaction,
This allows us to write the ground state energy as
with n = N/L 3 and E ′ N given by
For v q taken equal to v 0 up to q infinite and for ε q rescaled as 2N v 0 x, the K integral reads as
By noting that the primitive of this integral is given by
(A.14) so that K(0) = −4/15 and K(∞) = 0, we ultimately find the N -boson energy in the mean-field approximation as
This result differs from Eq. (1) through the fact that the n 3/2 term depends on the scattering length a 1 associated with the bare potential v 0 , instead of a associated with the interaction scattering dressed by ladder processes. Approaches beyond the mean-field approximation are required to transform a 1 into the full scattering length a in the correlation term.
Appendix B. Lee-Huang-Yang approach
The Lee-Huang-Yang approach 2,3 takes the force between two bosons as a hard-sphere interaction. This hard-sphere interaction is further approximated by a pseudo-potential
where r i is the position of the i boson and r ij is the distance between i and j bosons. For such a hard-sphere interaction between two bosons with small momenta k (|k|a ≪ 1), the parameter a physically corresponds to the hard sphere diameter. When the potential in Eq. (B.1)
is used in the case of just two bosons, one finds that a corresponds to the full two-body scattering length. So, the great advantage of the above pseudo-potential is to force the full scattering length into the problem from the very beginning. Besides the delta function δ(r i − r j ) describing a contact force, the peculiar form of (∂/∂r ij )r ij reflects the boundary condition of hard spheres at r = a, below which the wave function must reduce to zero; it guarantees that there is no 1/r singularity when r → 0. When written in second quantization, the potential in Eq. (B.1) appears as
2)
The Hamiltonian of hard-sphere bosons is then treated in a mean-field approximation like in the BruecknerSawada approach. By singling out the dominant interactions involving four 0 bosons and two 0 bosons, the approximated Hamiltonian reduces to H = 2πaN
which can be exactly diagonalized by using a standard Bogoliubov procedure. We then find that the groundstate energy reads as Eq. (A.12), withε q replaced by ε q + 4πaN/mL 3 , and ν q replaced by 4πaN/mL 3 . In addition to having the full scattering length a appearing into the problem at no cost, another advantage with the pseudo-potential (B.1) is that the last term of Eq. (A.12), which now reads (4πaN/mL 3 ) 2 /2ε q , appears in a natural way to remove the 1/q 2 singularity that is hidden in the first term. 
creates a boson pair. The resulting state is shown in Fig. 4 .
• A second W acting on this one-boson-pair excited state gives, using Eqs. (39) and (40),
This state is shown in Fig. 13 . It contains states having • We now consider a third W acting on the states of Fig. 13 having two, three, and four excited bosons, and we successively consider what W does on these states.
(i) W acting on one excited pair Adding a q 3 = 0 interaction to the diagram of Fig. 13(a) is just the same as adding a q 2 = 0 interaction to the diagram of Fig. 4 : we simply have to replace the q 1 scattering by a series of (q 1 , q 2 ) scatterings. As (q 1 , q 2 , q 3 ) differ from 0, the process in Fig. 14(a) is the only ladder process that contributes to ∆ (ii) W acting on three excited bosons Adding a q 3 = 0 interaction to one of the two diagrams in Fig. 13(b) , which are topologically equivalent, leads to the diagrams in Figs. (15) and (16) . -In Fig. 15 , the q 3 interaction takes place between two of the three bosons already involved in Fig. 13(b) . So, these processes also appear with a [N (N − 1)/2](N − 2) prefactor. As (q 1 , q 2 , q 3 ) differ from 0, the processes of Fig. 15(a,c) do not contribute to ∆ N . By contrast, since we can take q 1 = q 2 = −q 3 , the process of Fig. 15(b) contributes to ∆ Fig. 14(b) .
-In the processes of Fig. 16(a,b,c) , the q 3 = 0 interaction involves a fourth boson taken from the condensate, while in Fig. 16(d) , this interaction excites a (q 3 , −q 3 ) boson pair. So, the former processes appear with a prefactor N (N − 1)(N − 2)(N − 3), while the latter process appears with a prefactor N (N − 1)(N − 2)(N − 3)(N − 4). However, since q 3 = 0, all these processes do not contribute to ∆ (iii) W acting on two excited pairs Finally, we can also add one q 3 = 0 interaction to the two excited pairs shown in Fig. 13(c) . -This can be done inside a pair, as in Fig. 17(a) , or between two pairs, as in Fig. 17(b) . However, since q 2 = 0, these processes do not contribute to ∆ N .
-The third W interaction can also involve one more boson from the condensate, as in Fig. 17(c) , or involve two more bosons, as in Fig. 17(d) . However, these processes do not contribute to ∆ 
Appendix D. Fourth-order term in W
The fourth-order term in W is obtained by adding a q 4 = 0 interaction to the third-order state W 3 |0 N , shown in Appendix C. Processes giving a non-zero contribution to 0 N |W 4 |0 N involve two, three or four bosons 0, while those involving five bosons reduce to zero, because W only contains momentum transfers that differ from zero.
Two bosons involved
We can add a q 4 = 0 interaction to the ladder process in Fig. 6 . For q 4 = −q 1 − q 2 − q 3 , this process gives a non-zero contribution in the |0 N condensate, as shown in Fig. 1 
N reads as
This term contains four v q 's, which bring four 1/L 3 factors, three q sums, which bring three L 3 factors, and a N (N −1)/2 prefactor; so it leads to a contribution in N n. Together with the term shown in Fig. 6 , this part of E 
Three bosons involved
We can add one interaction to the three-bubble processes shown in Fig. 2 by repeating one of the interactions, as in Fig. 18 . So, it participates in the renormalization of the v q interaction between bubbles. This term contains four v q 's, two q sums, and a N (N − 1)(N − 2) prefactor; so, it leads to a contribution in N n 2 . We can also have more complicated three-bubble processes, in which the added interaction links different bubbles, as shown in Fig. 19(a) . Finally, we can add two interactions and one bubble to the two-bubble diagram of Fig. 5 , as shown in Fig. 19(b) . The processes shown in Fig. 19(a) and 19(b) actually contribute to higher-order density terms 4,26 .
Four bosons involved
With four W interactions involving four bosons 0, we can have the four-bubble diagram as shown in Fig. 20 . These bubble processes produce a contribution to E the extra 4 factor coming from the four topologically different processes shown in Fig. 21 . We can also have four bosons involved through the disconnected processes shown in Fig. 22 . They lead to
These two terms contain four v q 's, two q sums, and a N prefactor coming from the number of ways to choose the two boson pairs (0, 0) among N . So, they lead to an overextensive contribution in N 2 n 2 , which is canceled out by the ∆ 
Appendix E. Cancellation of overextensive terms
Up to now, we have shown that the N -boson energy at first order in interaction is equal to v 0 N (N − 1)/2 (see Eq. (30)), while all higher-order terms depend on q = 0 processes through the W interaction. E (2) N , given in Eq. (42), has a unique contribution that scales as N n, while E N has a contribution, given in Eq. (43), which also scales as N n, and another contribution, given in Eq. (44), which scales as N n 2 . In the same way, the part of E 
N also has two overextensive contributions, given in Eq. (D.3). Actually, these two terms can be combined into
(E.1) It then becomes easy to see that, when inserted into Eq. (34), this overextensive part is canceled out in the large N limit by the ∆ 
